Matematika 1 — 6.cviCcenie

RNDr. Z. Gibova, PhD.



Derivacia funkcie

Oznacenie derivacie funkcie v bode x,: f "(x,)

Pravidla pre vypocet derivacie funkcie:
cf(x)]' =cf'(x) ceR

f(x) +g(x)]" = f'(x) + g'(x)
f(x)g(x)] = F'(x)9(x) + f(x)g’'(x)
f(x) ]' _ F(x)g(x) — f(x)g'(x)

9(x) 9%(x)
[1(g(x)]" = F(g(x))g'(X).

()0 [ = [eehmr @]

Napriklad:
(2x)’
(2x? + 5 — arcsinx)’
(x.Inx)”’

3x 1\,
sin x

(In sin 2x)’

(sinx)* = [eX.ln(sin x)],



Derivacie elementarnych funkcii:

Q

c]' =0 [x']' =1
X =ax* 1, acR

sin X]" = cos x

cos X]' = —sinx
. 1
te x|’ =
tg X] cosZ X
’

cotg x|' = —
[cote X] sin® x
[arcsin x]" = 1

V1 —x?

o

1
arccos X|' = —
recosXl =~
. 1
arctg x|’ =
arctg X" = - Y
arccotg x| = — 1
LEK']F _ Ex
a¥] =a*Ina
_ 1
Inx]' = —

' X
, 1
[log, x| =

XIlna



Ukazky pouzitia:

[c] =0 c — konStanta, bez x v zapise
(2)=0
(=8)'=0
(In5)"=0
(%)’ =0
(1002) = 0

&)

[cf(x)] = cf'(x) c€R

(2x)" = 2x’

(=8.Inx) "= —-8.(Inx)’
(30.sinx )" = 30. (sinx )’

1 x'_1 X\’
50¢ | T507)

x) =ax* 1, acR

%] = 1

| 2*nie je typ x¢ !

(x3) = 3x371 = 3x2
(2x) = 2x = 2.1 =2

Uprava vyrazov na mocninovy tvar

1
(7) =

(\/F) T = (x%)




Pr. 1: Vypocitajte derivaciu funkcie

1 1

_ °/,3 4
_ — _ g
f(x) x°+x*+——3yx + T



Pr. 2: Vypocitajte derivaciu funkcie

5 1
— 3 -
£ = (10x%) "+ (5x) = (x79)" (c.f@)" = c.(FG)’

(x™) = nx™1

Fo0 =100 +56 — (x5)

F(x) =10.3.x3"1 4 5. (—4)x 41 — <?1x %_1>

1 10

f(x) =30x%—20x7> + gx_ 9

20 1
f(x)=30.x° ——+—
X 9‘/X10




Pr. 3 —25 /2: Vypocditajte derivaciu funkcie

f(x]z?w‘./x_d'+5x—h1x

£ = (3) "+ (5% — (Inx)

(x™) = nx™ 1 (Clx), =a*.lna (]n X )' = —

21
f(x) ==x3 +5xln5—;
4 1
f’(x)=§x3+5x.ln5—;
4 1
x) == 5¥.In5 — —
F () =S YR+ 5%In5 ——



Ukazky pouzitia:

[F()g(x)]" = F'(x)g(x) + f(x)g'(x)

(sinx.Inx)" = (sinx) .Inx +sinx . (Inx)”

(e*.x3) = (e¥).x3 + e*. (x3)

[(x+ D.tgx]"=(x+1).tgx + (x + 1).(tgx)’

Toto nederivujeme ako sucin funkcii:
(B(x+5)) =3.(x+5)

(2.cotg x)” = 2(cotg x)’

(5 =z @y

(

[@]' _ fi(x)9(x) = f(x)g'(x)
a(x) 9%(x)

Inx\, (nx).x?>—Inx.(x*)
<7> - (x2)2
_ (x)".cosx —x.(cosx)’

X ’
(cos x) B (x?)?

arctgx), (arctgx)’.3/x —arctgx.3/x)’
x ) (¥/x)?

Toto nederivujeme ako podiel funkcii:
Inx\, 1 ,
(57) =3 nx)

() =305y

( ! ) = (sinx~1)’

sin x




Pr. 4: Vypocitajte derivaciu funkcie

sin x X
f(x) = + x.2% +——/x3

2 In x




Pr. 5: Vypocitajte derivaciu funkcie

()_?>’C—8x+3_|_l .
a) f(x)= X 0gzXx.e

5x

- + arcsinx . 8%
x°+1-Inx

b)  fx) =



(f(x)) , _J&x).g(x) — f(x). g(x) (F(). 9 = O g(0) + f (). g (x)

g(x) (g (x))?
b)
x
X) = + arcsinx .8*
) x3+1—Inx
) (5%). (x3+1 —Inx) — 5*. (x3+1 — Inx)’ o | N
f(x) = P11 —Tnx)? + (arcsin x)”.8* + arcsin x. (8%)
5.+l —lnx) - 55 (3xPH0-3) 1 -
f(x) = 11— Inx)? + 1—x2.8 + arcsin x. (8% In 8)
, (5*In5). (x3+1 — Inx) — 5%, (3x2—%) 1
f(x) = + .8% + arcsinx.(8%In8)

(x3+1—1Inx)? 1 — x2



Ukazky pouzitia:

flg() =f(g(x).g9(x)

Elementarna funkcia ZloZena funkcia
sin x sin (5x + 6)
In x In (v/3x)
x3 (cos x + 2x)3
arcsin x arcsin (x3 + 1)

V zlozenej funkcii je x nahradené inym vyrazom (funkciou).




Pr. 6: Vypocitajte derivaciu funkcie bez dalsich uprav

a) f(x) =In (5x) + sin(x + 3)

b) f(x) = cotg (5x* — 1) + sin3x

c) f(x) =Incos8x + \/sin(x —2)

d) f(x) = 3\/%—2.10g(x2 —x—2)

e) f(x) = ;i}; — 2.arcsin(5x*) + 2*.logg x
_ yx-3* 2 2025
f) f(x) = + cos(In 3x). (x* + 3x) — 10

arctg x



logs x

_ - 4 X
2y oy 2.arcsin(5x™) + 2*.logg x

e) f(x) =

flg@®) = f(gx).g(x)

(logs x)". (x? + 5x) — logs x . (x? + 5x)’

f(x) = % 1 50)° — 2(arcsin "(5x%)). (5x*)" + (2%)".logg x + 2*(logg x)’
x&l?).(xz+5x)—log3x.(2x+5) 2 ,
’ = — .(5.4 2%In 2).1 2%,
fx) (x? + 5x)2 J1— (Gx*)? (5.4x%) + (2%In 2). logg x + xIn8
11 3 (x? 4+ 5x) —logz x.(2x + 5) 40x3 2X
fx) =21 .+(2%In 2).logg x +

(x? + 5x)2 B J1 = (5x%)? xIn8



Jx—3%

f) f(x) = aregx + cos(In3x). (x% + 3x) — 102925
. (x—=3%.(arctgx) — (Vx — 3%). (arctgx)’
f)= (arctg x)? +
+cos’(In(3x)) . (In 3x)". (3x)". (x2 + 3x) + (cos(In 3x)). (x2 + 3x)" +(10292>)’
e (%x_% —3*In 3) .(arctgx) — (v/x — 3%). (1 +1x2) .
fix) = (arctg x)?
— sin(In 3x) % 3. (x% + 3x) + (cos(In 3x)). (2x + 3) + 0
11 1
5—=—3%In3 ). (arctgx) — (/x — 3%).
£(x) = (2 Vx ) (1 + xz)

(arctg x)?

1
— sin(In 3x) 33 3. (x% + 3x) + (cos(In3x)). (2x + 3) + 0



Pr. 7 —str. 26 / 27: Vypocitajte derivaciu funkcie

/x) = (@9 = (esns@Y
fx) = K Sinx g(x) =sinx
f(x) — esinx.lnx f(X) X

f(x) = (esm*-In%y (sinx. Inx)”
f(x) = eSn¥-InX ((sinx)". Inx + sinx.(Inx) ")
f(x) = esSnx-Inx (cosx. Inx + sinx .i)

(x) = x5% (cosx. Inx + ==
X

)



Du : 25,26 /1-35



Niektoré vysledky bez dalSich mat. Gprav. Du — derivacia funkcie

5. fi(z)=1-10"+2-10 “In10-(-1)

cosz-(z—1)—sinz -1

6. f’(ﬂ?) T (;[: — 1)2
1 ;[:—tgﬂfl
7. fl(z) = Lo’y s
2o+ 5)(a? 5o+ 1) — (2 + 5z + 2)(22 - 5)
8. fl(z) = (2% — bz + 1)?
9. f’(ﬁf)_ -12 etbedoe
51N 2
1 43+ 7z)—(5+4z)-7
10. f’(ﬁf) — 5+dz (3+T7x)2
1 1
3. f'(z) = - -2tgz- 1
f'(z) 5 8T 21 T cos?

Priklady 25 — 31 rieSte pomocou
pomocného prikladu v tejto
prezentacii (Pr. 7 na 16 snimke)

|

f:!:—— 1 .
17. f'(x) \/1_(31—41)2

1 1
fl(z) = (1o ——— 2
ke 1—|—($—\/1—|—$2)2( 2y/1 + 22 )

1 1
19. f'(z) = —
fz) 1+tg?z cos?zx
1 1-(x—1)— 1)-1
20. fr(m) — . (I ) ($+ )

@)y e

]



21. f'(z) = 1-arcsinz + x 1 4 1
' 1-22  2V/1-22

1

=) i

- (—2z)

22. f'(x) = 1-arccosz + z - (—

23. f/(z) = 4In®(sin z) - . (22 — 2
f(z) (sinz) g cos T + 92 (2z )
1 1 z 1
24. f'(z) = 5+ ——F "COS T =
3(¢/InsinZ)” smj 2 2
6z - 3z — (3z% — 1) - 9z° 1 1 1
32. ' ) — - + . . 2$+ -
7 (3z%)? Vitz? 2V1 + 22 1+ 22

]. T J— I 1 T _ T . _1
33. f/(z) = —— . ( —sin ( arctg ——= : " (=1)
= '3 2 v w2 9
COoS (arctg ) 1+ (c 2:: )

34. f'(z) = 1- (arcsinz)® + z - 2arcsin x - — 2+
—z
2( S (~2z)-arcsinz + V1 a? —— )
——— - (—2z) - arcsinz —z?.
2v/1 — x2 1 — 2
1 2z(z*-1)—(2*+1)-22z 1 1 1l-(z+1)—(z—-1)-1 1
sfm)=>. L 2@ -V-le 422 1 1 1-@+)-(e-1-1 1

1+ x2
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   ( 2 x ) ´


   x 2 + 5 −  arcsin ⁡  x ) ´


  ( x .  ln ⁡  x ) ´


   (   3 x   sin ⁡ x ) ´


   ln ⁡   sin ⁡  2 x ) ´


     sin ⁡ x ) x =  [  e  x .  ln ⁡  (  sin ⁡  x ) ] ´


   [  𝒙 𝟏 ] ´ = 𝟏


   (  x 3 ) ´ = 3  x  3 − 1 = 3  x 2


   ( 2 x ) ´ = 2 x ´ = 2 . 1 = 2


   (  1   x 2 ) ´ =  (  x  − 2 ) ´


   (   x 3 ) ´ =  (  x   3 2 ) ´


   (  1   x 5 ) ´ =  (  x  −  1 5 ) ´


  c − kon š tanta ,   bez   x   v   z á pise


   


   ( 2 ) ´ = 0


   ( − 8 ) ´ = 0


   ( ln   5 ) ´ = 0


   (  e 8 ) ´ = 0


   (  100 2 ) ´ = 0


   (  1 50 ) ´ = 0


   ( 2 x ) ´ = 2 x ´


  ( − 8 .  ln ⁡  x ) ´ = − 8 .   ( ln ⁡  x ) ´


   ( 30 .  sin ⁡  x   ) ´ = 30 .   (  sin ⁡  x   ) ´


   (  1 50  e x ) ´ =  1 50   ( e x ) ´


   2 x n i e   j e   t y p    x 𝛼   !


   [  𝒙 𝟏 ] ´ = 𝟏


    f  ( x ) ⁡  =   x 3 5 +  x 4 +  1   x 2 − 3  x + 8  1   x 4


    f ´  ( x ) ⁡  =   10 ( x 3 )   ´ + 5  (  x  − 4 ) ´ −  (  x  −  1 9 ) ´


  (  x n ) ´ = n  x  n − 1


   ( c . f ( x ) ) ´ = c .  ( f  ( x ) ) ´


    f ´  ( x ) ⁡  =   30 . x 2 −  20   x  5   +  1  9   x 10 9


    f  ( x ) ⁡  = 10  x 3 +  5   x 4 −  1   x 9


    f ´  ( x ) ⁡  =   ( 10 x 3 )   ´ +  ( 5  x  − 4 ) ´ −  (  x  −  1 9 ) ´


    f ´  ( x ) ⁡  =   10 . 3 . x  3 − 1 + 5 . ( − 4 )  x  − 4 − 1 −  (   − 1 9  x  −  1 9 − 1 )


    f ´  ( x ) ⁡  =   30 x 2 − 20  x  − 5   +  1 9  x  −  10 9


    f ´  ( x ) ⁡  =   ( x   4 3 )   ´ +  (  5 x ) ´ −  (  ln ⁡ x ) ´


  (  x n ) ´ = n  x  n − 1


   (  a x ) ´ =  a x . ln   a


  (   ln   x   ⁡  ) ´ =  1 x


    f ´  ( x ) ⁡  =    4 3 x   4 3 − 1 +  5 x .  ln ⁡ 5 −  1 x


    f ´  ( x ) ⁡  =    4 3 x   1 3 +  5 x .  ln ⁡ 5 −  1 x


    f ´  ( x ) ⁡  =  4 3  x 3 +  5 x .  ln ⁡ 5 −  1 x


   (    ln ⁡ x   x 2 ) ´ =     ( ln ⁡  x ) ´ .  x 2 −  ln ⁡ x .   ( x 2 ) ´    (  x 2 ) 2


   (  x   cos ⁡ x ) ´ =    ( ⁡  x ) ´ .  cos ⁡ x − x . (  cos ⁡ x ) ´    (  x 2 ) 2


   (    arctg ⁡ x   x 5 ) ´ =     ( arctg ⁡  x ) ´ .  x 5 −  arctg ⁡ x .  x 5 ) ´    (  x 5 ) 2


   (    ln ⁡ x 2 ) ´ =


   1 2   ( ln ⁡  x ) ´


   (  3   x 5 ) ´ =


  3  ( ⁡   x  − 5 ) ´


   (  1   sin ⁡ x ) ´ =


   ( ⁡     sin ⁡ x  − 1 ) ´


   


   (  sin ⁡ x .  ln ⁡ x ) ´ = (  sin ⁡  x ) ´ .   ln   x ⁡  +  sin ⁡  x   .   (  ln ⁡  x ) ´


   (  e x .  x 3 ) ´ =  (  e x ) ´ .  x 3 +  e x .   ( x 3 ) ´


   [  ( x + 1 ) .  tg ⁡ x ] ´ =  ( x + 1 ) ´ .  tg ⁡ x +  ( x + 1 ) .   ( tg ⁡  x ) ´


   ( 3 ( x + 5 ) ) ´ = 3 . ( x + 5 ) ´


   ( 2 . cotg   x ) ´ = 2  ( cotg   x ) ´


   (    ln ⁡ x 2 ) ´ =


   1 2 . (  ln ⁡  x ) ´


    f  ( x ) ⁡  =    sin ⁡ x   2 + x   . 2 x +  x   ln ⁡ x −   x 3


    a )       f  ( x ) ⁡  =    3 x − 8 x + 3    tg   x +    log 3 ⁡ x .  e x


          f  ( x ) =    5 x   x 3 + 1 −  ln ⁡ x +  arcsin ⁡ x .    8 x


  f ´  ( x ) =    (  5 x ) ´ .   ( x 3 + 1 −  ln ⁡  x ) −  5 x .   ( x 3 + 1 −  ln ⁡  x ) ´    (  x 3 + 1 −  ln ⁡ x ) 2 +   ( arcsin ⁡  x ) ´ .    8 x +  arcsin ⁡ x .    (  8 x ) ´


  f  ( x ) =    5 x   x 3 + 1 −  ln ⁡ x +  arcsin ⁡ x .    8 x


  f ´  ( x ) =    (  5 x  ln ⁡ 5 ) .   ( x 3 + 1 −  ln ⁡  x ) −  5 x .   ( 3 x 2 + 0 −  1 x )    (  x 3 + 1 −  ln ⁡ x ) 2 +  1   1 −  x 2 .    8 x +  arcsin ⁡ x .    (  8 x  ln ⁡ 8 )


  f ´  ( x ) =    (  5 x  ln ⁡ 5 ) .   ( x 3 + 1 −  ln ⁡  x ) −  5 x .   ( 3 x 2 −  1 x )    (  x 3 + 1 −  ln ⁡ x ) 2 +  1   1 −  x 2 .    8 x +  arcsin ⁡ x .    (  8 x  ln ⁡ 8 )


   (   𝒇 ( 𝒙 )  𝒈  ( 𝒙 ) ) ´ =   𝒇 ( 𝒙 ) ´ . 𝒈 ( 𝒙 ) − 𝒇 ( 𝒙 ) . 𝒈 ( 𝒙 ) ´    ( 𝒈 ( 𝒙 ) ) 𝟐


   ( 𝒇  ( 𝒙 ) . 𝒈  ( 𝒙 ) ) ´ = 𝒇  ( 𝒙 ) ´ . 𝒈  ( 𝒙 ) + 𝒇 ( 𝒙 ) . 𝒈 ( 𝒙 ) ´


  b) 


  f  ( g  ( x ) ) ´ = f ´ ( g  ( x ) ) . g ( x ) ´


  x


   sin ⁡  x  


    sin   ⁡  ( 5 x + 6 )


   ln ⁡  x  


    ln   ⁡  (  3 x )  


   x 3


    (  cos ⁡ x + 2 x ) 3


   sin ⁡  x  


    sin   ⁡  (  x 3 + 1 )  


    f  ( x ) ⁡  = ln    ( 5 x ) +  sin ⁡  ( x + 3 )


    f  ( x ) ⁡  = cotg    ( 5  x 4 − 1 ) +  sin 3 x


  f  ( x ) =  ln ⁡   cos ⁡  8 x +   sin ⁡   ( x − 2 )


  f  ( x ) =    x + 5  x − 4 3 − 2 . log


   x 2 − x − 2 )  


  f  ( x ) =      log 3 ⁡ x   x 2 + 5 x −   2 .  arcsin ⁡ ( ⁡  5  x 4 ) +  2 x .    log 8 ⁡ x


  f  ( x ) =    x −  3 x  arctg   x +  cos ⁡  (  ln ⁡  3 x ) . (  x 2 + 3 x ) −  10 2025


  f  ( x ) =      log 3 ⁡ x   x 2 +   5 x −   2 .  arcsin ⁡ ( ⁡  5  x 4 ) +  2 x .    log 8 ⁡ x


  𝒇  ( 𝒈  ( 𝒙 ) ) ´ = 𝒇 ´ ( 𝒈  ( 𝒙 ) ) . 𝒈 ( 𝒙 ) ´


  f ´  ( x ) =    (    log 3 ⁡ x ) ´ .  (  x 2 + 5 x ) −    log 3 ⁡ x .  (  x 2 + 5 x ) ´    (  x 2 + 5 x ) 2 −   2 ( arcsin ⁡  ´ ( 5  x 4 ) ) .    ( 5  x 4 ) ´ +   ( 2 x ) ´ .    log 8 ⁡ x +      2 x ( log 8 ⁡  x ) ´


  f ´  ( x ) =    1  x  ln ⁡ 3 .  (  x 2 + 5 x ) −    log 3 ⁡ x .   ( 2 x + 5 )    (  x 2 + 5 x ) 2 −  2   1 −   ( 5  x 4 ) 2 .  ( 5   . 4 x 3 ) +   ( 2 x  ln ⁡ 2 ) .    log 8 ⁡ x +  2 x .  1  x  ln ⁡ 8


  f ´  ( x ) =    1  x  ln ⁡ 3 .  (  x 2 + 5 x ) −    log 3 ⁡ x .   ( 2 x + 5 )    (  x 2 + 5 x ) 2 −     40 x 3   1 −   ( 5  x 4 ) 2 .   +   ( 2 x  ln ⁡ 2 ) .    log 8 ⁡ x +    2 x  x  ln ⁡ 8


  f  ( x ) =    x −  3 x  arctg   x +  cos ⁡  (  ln ⁡  3 x ) . (  x 2 + 3 x ) −  10 2025


  f ´  ( x ) =    (  x −  3 x ) ´ .  (  arctg ⁡ x ) −  (  x −  3 x ) .  (  arctg ⁡ x ) ´    (  arctg ⁡ x ) 2 +


    + cos ´ ⁡   (  ln ⁡  ( 3 x ) ) .    (  ln ⁡  3 x ) ´ .  ( 3 x ) ´ . (  x 2 + 3 x ) +   ( cos ⁡  (  ln ⁡  3 x ) ) . (  x 2 + 3 x ) ´ +


   10 2025 ) ´


  f ´  ( x ) =    (  1 2  1   x −  3 x  ln ⁡ 3 ) .  (  arctg ⁡ x ) −  (  x −  3 x ) .  (  1  1 +  x 2 )    (  arctg ⁡ x ) 2 +


  −  sin ⁡  (  ln ⁡  3 x ) .    1  3 x . 3 . (  x 2 + 3 x ) +   ( cos ⁡  (  ln ⁡  3 x ) ) . ( 2 x + 3 ) + 0


  f ´  ( x ) =    (  1 2  x  −  1 2 −  3 x  ln ⁡ 3 ) .  (  arctg ⁡ x ) −  (  x −  3 x ) .  (  1  1 +  x 2 )    (  arctg ⁡ x ) 2 +


  −  sin ⁡  (  ln ⁡  3 x ) .    1  3 x . 3 . (  x 2 + 3 x ) +   ( cos ⁡  (  ln ⁡  3 x ) ) . ( 2 x + 3 ) + 0


  f  ( x ) =    e   sin ⁡  x   .     ln ⁡ x


  f  ( x ) =    x   sin ⁡ x


  f ´  ( x ) =     ( e   sin ⁡  x   .     ln ⁡ x ) ´ .


    ( sin ⁡  x   .     ln ⁡ x ) ´


    ( 𝒇  ( 𝒙 )  𝒈 ( 𝒙 ) ) ´ =  (  𝒆  𝒈  ( 𝒙 ) .   𝐥 𝐧 ⁡  𝒇  ( 𝒙 ) ) ´


    g ( x ) = sin ⁡ x


    f  ( x ) = ⁡ x


  f ´  ( x ) =    e   sin ⁡  x   .     ln ⁡ x .


    ( cos ⁡  x   .     ln ⁡ x +  sin ⁡  x   .  1 x )


  f ´  ( x ) =    e   sin ⁡  x   .     ln ⁡ x .


    ( ( sin ⁡  x ) ´   .     ln ⁡ x +  sin ⁡  x   .   (  ln ⁡  x )   ´ )


  f ´  ( x ) =    x   sin ⁡ x


    ( cos ⁡  x   .     ln ⁡ x +      sin ⁡ x x ⁡   )

