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5 Testing statistical hypotheses

In practice, testing statistical hypotheses is one of the most important statistical methods.

A statistical hypothesis is an assumption (statement) concerning a random sample V,,, or the
distribution from which the random sample originates. Testing a statistical hypothesis is a
procedure by which we verify the validity (correctness) of a given hypothesis (assumption).
The null hypothesis Hy is a statement whose truth we are verifying. In the simplest case it
has the form Hy : Q = Qq, resp. Hp : QQ — Qo = 0, where () is a parameter of the population
and Qg is a specific constant. Against the null hypothesis we set up the alternative hypothesis

H;. In practice, the alternative hypothesis has three forms:

o Two-sided alternative: Hy : QQ # (o, which denies the validity of the null hypothesis.

o Left-sided alternative: Hy : () < )y, which bounds the range of values of the parameter
@ to the left of the value Q.

e Right-sided alternative: Hy : ) > (Qo, which bounds the range of values of the parameter
Q@ to the right of the value Q.

When testing statistical hypotheses, i.e. when deciding whether to reject or not reject the
null hypothesis Hy in favor of the alternative hypothesis H;, we may commit two kinds of
errors (Table [5):

e A Type I error occurs when we reject the null hypothesis Hy even though it is correct.
The probability of this error occurring is denoted « and is called the significance level
of the test.

e A Type II error occurs when we do not reject the null hypothesis Hy even though it is
incorrect. The probability of this error occurring is denoted 3 and the value 1 — (3 is
called the power of the test. The power of the test actually represents the probability
of rejecting the null hypothesis.

Table 5: Errors in testing statistical hypotheses

Reality
Conclusion H;y holds H, does not hold
We reject Hy Type I error Correct decision
We do not reject Hy || Correct decision Type II error
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The most ideal situation would be for both v and 3 to be minimal simultaneously. Since
this cannot be achieved, in practice, for a fixed o (most often chosen as 0.05; 0.01; 0.1), [ is
minimized.

A test statistic (test criterion, testing characteristic) is a value calculated from the sample,
which helps us decide whether to reject or not reject the null hypothesis. The range (region)
for rejecting the null hypothesis is called the critical region K, and depends on the chosen
significance level a.. If the value of the test statistic falls into the critical region, we reject the
null hypothesis Hy and accept the alternative hypothesis H;. Otherwise, we do not reject the
null hypothesis Hj.

With the development of computing technology, the p-value (from the English p-value) is
used when deciding whether to reject or not reject the null hypothesis Hy. The p-value (p)
is the smallest possible significance level o at which it is still possible, given the measured

values of the random sample, to reject the null hypothesis Hy. The following holds:

e if p < «, then we reject the null hypothesis Hy and accept the alternative hypothesis

H; at the significance level a,
e if p 2 «, then we do not reject the null hypothesis H, at the significance level «.

The procedure for testing hypotheses is as follows:

1. Formulation of the null hypothesis Hy and the alternative hypothesis H;.
2. Choice of the significance level a.

3. Calculation of the value of the test statistic based on the given values of the random

sample.
4. Determination of the critical region K.

5. Evaluation of the test, which consists either of rejecting the null hypothesis Hy and
accepting the alternative hypothesis Hy, or of not rejecting the null hypothesis Hy.

The region of non-rejection and rejection of the null hypothesis Hy for a two-sided test is
shown in Fig. [19] for a right-sided test it is shown in Fig. 20] and for a left-sided test it is
shown in Fig. The values k; and ko, which separate the region of non-rejection of the
null hypothesis H, from the region of rejection of the null hypothesis Hy, are called critical
values.

There are many statistical tests, which can be divided according to various criteria. The

basic division of statistical tests is into parametric and nonparametric tests. Parametric tests
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Figure 19: Region of non-rejection and rejection of the null hypothesis for a two-sided test
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Figure 20: Region of non-rejection and rejection of the null hypothesis for a right-sided test
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Figure 21: Region of non-rejection and rejection of the null hypothesis for a left-sided test

test an unknown parameter of the distribution from which the random sample V,, originates.
Nonparametric tests test the type of distribution or some property of it. The most commonly
used nonparametric tests include symmetry tests (e.g., the sign test, the Wilcoxon two-sample
test), goodness-of-fit tests (e.g., Pearson’s test, the Kolmogorov—Smirnov test, the Anderson—
Darling test, the Shapiro-Wilk normality test) and tests for extreme values (e.g., Dixon’s

test, Grubbs’ test). We will define all of the tests mentioned in the following chapters.
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5.1 One-sample parametric tests of parameters of the normal dis-

tribution

Consider a random sample V,, that comes from a population with a normal distribution with
mean value p and standard deviation o. We write V,, ~ N(u,0?). In this chapter we will

address the following tests:

e test of the mean value p, if

2

— we know the variance ¢* (one-sample Z-test),

— we do not know the variance o (one-sample t-test),
e test of the variance o2, if

— we know the mean value p,

— we do not know the mean value pu.

The general procedure for choosing a test of the mean value for one sample is shown in Fig.

22

Jeden vyber [—————————— Viac vyberov
nie Je splnena normalita dno
vyberu ?
(Testy dobrej zhody)
Rozsah sdboru n=30 ? | —2° 4n0 | Rozsah stboru n=30 ? |_nie
e a° | pozname rozptyl ?

nie

Neparametricky test
(napr. znamienkovy test) Jednovyberovy Z-test

Jednovyberovy t-test

Figure 22: Procedure for choosing a test of the mean value for one sample

5.1.1 One-sample test of the mean value ., where we know the variance o2

(one-sample Z-test)

1. Hypotheses:

Ho:p=po (pois a known constant),

Hy:p#po  (vesp. p < po, resp. f1 > pio).
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2. The test statistic is

Z:f;mv%wN&D, (96)

where 7 is the sample arithmetic mean and n is the size of the random sample.

3. The critical region K, for various alternatives is given in the following table:

Hy H,y K,
= po | [ F o (—OO; —U1_%) @) (ul_%; oo)
= o | 4> Ho (U1_q;00)
H=fo | < flo (—00; —u1_q)

Example 5.1 The length of a manufactured part should have a value of 10 cm. 9 parts were
randomly selected, whose lengths [in cm| were 10.24; 10.12; 9.91; 10.19; 9.78; 10.14; 9.86;
10.17; 10.05. We assume that the random sample was drawn from a population with a normal

distribution, whose variance is 0.0016.

a) At the significance level a=0.05, let us test whether the length of the parts differs sig-
nificantly from the required length.

b) At the significance level a=0.01, let us test whether the length of the parts is smaller
than the required length.

c) At the significance level a«=0.01, let us test whether the length of the parts is larger than
the required length.

Solution: For testing we use the one-sample Z-test, because we know the variance of the
random sample. The sample size is n = 9 and the standard deviation is 0 = 1/0,0016 = 0, 04.

a) We will test
HO U= 10,

H1 Y 7& 10.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the parts

differ significantly from the required length. We determine the value of the test statistic Z
using relation (96)

7 — 10
7 = V9
0,04 Vo,
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where the sample arithmetic mean T is calculated using relation (71

T =

(10,24 + 10,12 49,91 + 10,19+ 9,78 + 10,14 4+ 9,86 + 10,17 + 10,05) = 10, 0511.

NN =

The value of the test statistic is then Z = 3,8325. The quantile of the standard normal
distribution is u;_a = ug 975 = 1,96 (Table . The critical region is

K0’05 = (—OO, —]_, 96) U (1, 96, OO) =/ € K0705.

The value of the test statistic Z = 3,8325 falls into the critical region K5, therefore we
reject the null hypothesis Hy and accept the alternative hypothesis H;. We can assume that,
at the significance level a=0.05, the lengths of the parts differ significantly from the required

value.

b) We will test

Hy: p =10,

Hy:p < 10.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the parts
are smaller than the required length. We calculate the value of the test statistic Z in the same

way as in case a), and thus Z = 3,8325. The quantile of the standard normal distribution is
Ul—a = Upgg = 2,3264 (Table . The critical region is

K0701 = (—OO; —2,3264) = 7 §é K0701.

The value of the test statistic Z = 3,8325 does not fall into the critical region K 1, therefore
we do not reject the null hypothesis Hy. We can assume that, at the significance level a=0.01,

the lengths of the parts are not smaller than the required value.

c) We will test

Hy: p =10,

Hy o p > 10.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the parts
are larger than the required length. We calculate the value of the test statistic Z in the same
way as in case a), and thus Z = 3,8325. The quantile of the standard normal distribution is
Ul—q = U g9 = 2,3264 (Table . The critical region is

K0701 = (2,3264, OO) = 7 € KO,OI'
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The value of the test statistic Z = 3,8325 falls into the critical region Ky, therefore we
reject the null hypothesis Hy and accept the alternative hypothesis H;. We can assume that,

at the significance level a=0.01, the lengths of the parts are larger than the required value.

5.1.2 Omne-sample test of the mean value i, where we do not know the variance

0.2

(one-sample t-test)
1. Hypotheses:

Hy:p=po (pois aknown constant),

Hy:op# po o (vesp. pu < jig, Tesp. p1 > fig).

2. The test statistic is

t—f;uo\/ﬁwt(n—l), (97)

where T is the sample arithmetic mean, s is the sample standard deviation and n is the

size of the random sample.

3. The critical region K, for various alternatives is given in the following table:

H, H, K,
= pio | ph# pio || (=00 —t1—a(n — 1)U (tlf%(n —1);0)
L= o | 1> fo (t1—a(n —1);00)
= po | p < po (—00; —t1_a(n — 1))

Remark: If the size of the random sample is sufficiently large (n = 30), we proceed in the
same way, but we approximate the Student t-distribution by the standard normal distribution,

as was done in the previous test (one-sample Z-test).

Example 5.2 The length of a manufactured part should have a value of 10 cm. 9 parts were
randomly selected, whose lengths [in cm]| were 10.24; 10.12; 9.91; 10.19; 9.78; 10.14; 9.86;
10.17; 10.05. We assume that the random sample was drawn from a population with a normal

distribution.

a) At the significance level a=0.05, let us test whether the lengths of the parts differ sig-
nificantly from the required length.
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b) At the significance level a=0.01, let us test whether the lengths of the parts are smaller
than the required length.

c) At the significance level a=0.01, let us test whether the lengths of the parts are larger
than the required length.

Solution: For testing we use the one-sample t-test, because we do not know the variance of

the random sample. The sample size is n = 9.

a) We will test
Hy: p =10,

Hy - p #10.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the parts
differ significantly from the required length. We determine the value of the test statistic ¢
using relation (97))

7 — 10
t=2 V9,
S

where the sample arithmetic mean T is calculated using relation (71
1
T = 9 (10,24 + 10,12+ 9,91 + 10,19+ 9,78 + 10,14 + 9,86 + 10,17 + 10,05) = 10,0511

and the sample standard deviation s is calculated using relation ([77)), where the sample
variance s? is given by

2

s = —[(10,24 — 10,0511)* + (10,12 — 10, 0511)* + (9,91 — 10,0511)* + (10,19 — 10,0511 )*+

1
8
+(9,78 — 10,0511)* + (10, 14 — 10,0511)* + (9,86 — 10,0511)* + (10,17 — 10,0511)*+
+(10,05 — 10,0511)*] = 0,0265 = s = Vs = 0,1627.

The value of the test statistic is then ¢t = 0,9426. The quantile of the Student t-distribution

is tl_%(n — 1) =tp.975(8) = 2,306 (Table . The critical region is
K0705 = (—OO; —2, 306) U (2, 306, OO) =1 ¢ K0,05.

The value of the test statistic ¢ = 0, 9426 does not fall into the critical region K g5, therefore
we do not reject the null hypothesis Hy. We can assume that, at the significance level a=0.05,

the lengths of the parts do not differ significantly from the required value.

b) We will test
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Hy:p =10,

Hy:p < 10.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the
parts are smaller than the required length. We calculate the value of the test statistic ¢ in

the same way as in case a), and thus ¢t = 0,9426. The quantile of the Student t-distribution
is t1_a(n — 1) = tog9(8) = 2,896 (Table[29). The critical region is

KO,Ol = <—OO, —2, 896) =1 ¢ K0701.

The value of the test statistic t = 0, 9426 does not fall into the critical region Ky o, therefore
we do not reject the null hypothesis Hy. We can assume that, at the significance level a=0.01,

the lengths of the parts are not smaller than the required value.

c) We will test

Hy: p =10,

Hy:p>10.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the
parts are larger than the required length. We calculate the value of the test statistic ¢ in the
same way as in case a), and thus ¢t = 0,9426. The quantile of the Student t-distribution is
ti—a(n — 1) = t909(8) = 2,896 (Table [29)). The critical region is

Koo1 = (2,896;00) = t ¢ Ko o1.

The value of the test statistic ¢ = 0, 9426 does not fall into the critical region Ky o1, therefore we
do not reject the null hypothesis Hy. We can assume that, at the significance level a = 0, 01,

the lengths of the parts are not larger than the required value.

2

5.1.3 Omne-sample test of the variance ¢, where we know the mean value u

1. Hypotheses:

Hy:0? =072 (0f is a known constant),

H,:0%# 0y (resp. 0> < a5, resp. 0> > 0p).

2. The test statistic is
n 5%

X' =— ~x*(n), (98)
Op

where n is the size of the random sample and s3 is the sample variance.
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3. The critical region K, for various alternatives is given in the following table:

Hy H, K,
o> =03 | 0%+ 0} (O; X%(n)) U (Xi%(n); oo)
o? =0} | 0> o} (x3_,(n);00)
o' =05 | 0" <05 (05 xa(n))

Example 5.3 The length of a manufactured part should have a value of 10 cm. 9 parts were
randomly selected, whose lengths [in cm] were 10.24; 10.12; 9.91; 10.19; 9.78; 10.14; 9.86;
10.17; 10.05. We assume that the random sample was drawn from a population with a normal
distribution, whose variability of the part length is expressed by a standard deviation of 0.1

cm.

a) At the significance level a=0.05, let us test whether the variability of the part length
differs significantly from the stated variability.

b) At the significance level a=0.05, let us test whether the variability of the part length is

smaller than the stated variability.

c) At the significance level a=0.05, let us test whether the variability of the part length is
larger than the stated variability.

2 where we know the

Solution: For testing we use the one-sample test of the variance o
mean value g = 10. The sample size is n = 9. We are given the standard deviation oy = 0, 1

cm, hence 02 = 0,1% = 0,01.

a) We will test
Ho: 0 =0,01,

H,:0?#0,01.
The null hypothesis states that the variability of the part length does not differ significantly
from the required variability. Against the alternative hypothesis, which states that the vari-
ability of the part length differs significantly from the stated variability value. We determine
the value of the test statistic x? using relation

2
2_9‘50

X 7001

where the sample variance s3 is calculated using relation

1
st = 5 [(10,24 — 10)* + (10,12 — 10)* + (9,91 — 10)* + (10,19 — 10)* + (9,78 — 10)*+
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+(10,14 — 10)* + (9,86 — 10)* + (10,17 — 10)* + (10,05 — 10)*] = 0, 0235.

The value of the test statistic is then x? = 21,159. The quantiles of the y2-distribution are
X%_%(n) = Xb.075(9) = 19,023 and XQ% (n) = XG.025(9) = 2,7 (Table . The critical region is

Koos = (0;2,7) U (19,023; 00) = x> € Ko 5.

The value of the test statistic y? = 21,159 falls into the critical region Ky s, therefore we
reject the null hypothesis Hy and accept the alternative hypothesis H;. We can assume that,
at the significance level a = 0,05, the variability of the part length differs significantly from

the stated value.

b) We will test
Hy:0?=0,01,

H,:0?<0,01.
The null hypothesis states that the variability of the part length does not differ significantly
from the required variability. Against the alternative hypothesis, which states that the vari-
ability of the part length is smaller than the stated variability value. We calculate the value

of the test statistic x? in the same way as in case a), and thus x* = 21,159. The quantile of
the x*-distribution is x2(n) = x§,05(9) = 3,33 (Table [30). The critical region is

Koo5 = (0;3,33) = X2 ¢ Ko 5.

The value of the test statistic x* = 21,159 does not fall into the critical region Ky g5, there-
fore we do not reject the null hypothesis Hy. We can assume that, at the significance level

a = 0,05, the variability of the part length is not smaller than the stated variability value.

c) We will test
Hy:0?=0,01,

H,:0%>0,01.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the
parts are larger than the required length. We calculate the value of the test statistic x? in

the same way as in case a), and thus x> = 21,159. The quantile of the x2-distribution is
Xi_a(n) = X3 05(9) = 16,92 (Table . The critical region is

K0705 = (16,92, OO) = X2 - K0,05.

The value of the test statistic x* = 21,159 falls into the critical region Ko g5, we reject

the null hypothesis Hy and accept the alternative hypothesis H;. We can assume that, at
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the significance level @ = 0,05, the variability of the part length is larger than the stated

variability value.

5.1.4 One-sample test of the variance 02, where we do not know the mean value

0

1. Hypotheses:

Hy:0* =07 (0] is a known constant),
L2y 2 2 _ 2 2. 2
H,:0°# 05 (resp. 0° < 0§, resp. o° > 0y).

2. The test statistic is ( ) )
n—1)s
X' =—F—~x(n—1), (99)
99

where n is the size of the random sample and s? is the sample variance.

3. The critical region K, for various alternatives is given in the following table:

Hy H, K,
o? =0} | 0 # o3 (0; X (n — 1)> U (X?_%(n - 1); OO)
o? =03 | 0* > o} (xi_o(n—1);00)
o?=0} | 0* <o} (0;x2(n — 1))

Example 5.4 From a box, 9 parts were randomly selected, whose lengths [in cm/] were 10.24;
10.12; 9.91; 10.19; 9.78; 10.14; 9.86; 10.17; 10.05. We assume that the random sample was
drawn from a population with a normal distribution, whose variability of the part length is

expressed by a standard deviation of 0.1 cm.

a) At the significance level a=0.05, let us test whether the variability of the part length
differs significantly from the stated variability.

b) At the significance level a=0.05, let us test whether the variability of the part length is

smaller than the stated variability.

c) At the significance level a=0.05, let us test whether the variability of the part length is
larger than the stated variability.

Solution: For testing we use the one-sample test of the variance o2, where we do not know

the mean value p. The sample size is n = 9. We are given the standard deviation oy = 0,1
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cm, hence 02 = 0,12 = 0,01.

a) We will test

Hy : 0% =0,01,

Hy: 0% #0,01.
The null hypothesis states that the variability of the part length does not differ significantly
from the required variability. Against the alternative hypothesis, which states that the vari-
ability of the part length differs significantly from the stated variability value. We determine
the value of the test statistic x* using relation (99)

.82

~ 0,01

oo

X2

where the sample arithmetic mean 7 is calculated using relation ([71])

(10,24 + 10,124 9,91 4+ 10,19+ 9,78 + 10,14 + 9,86 + 10,17 + 10,05) = 10,0511

T =

O

2

and the sample variance s? is calculated using relation ([73)

52:

[(10,24 — 10,0511)* + (10,12 — 10,0511)* + (9,91 — 10, 0511)* + (10,19 — 10, 0511)*+

o |

_|_

~~

9,78 — 10,0511)% + (10, 14 — 10,0511)* + (9,86 — 10,0511)* + (10,17 — 10, 0511)*+
+(10,05 — 10,0511)*] = 0, 0265.

The value of the test statistic is then x? = 21,1689. The quantiles of the y?-distribution are
Xf_%(n — 1) = X§975(8) = 17,53 and XQ% (n—1) = X3.005(8) = 2,18 (Table . The critical
region is

Koos = (0;2,18) U (17,53; 00) = x* € Ko 5.

The value of the test statistic x* = 21,1689 falls into the critical region Kj s, therefore we
reject the null hypothesis Hy and accept the alternative hypothesis H;. We can assume that,
at the significance level a = 0,05, the variability of the part length differs significantly from

the stated value.

b) We will test
Hy:0?=0,01,

H,:0?<0,01.
The null hypothesis states that the variability of the part length does not differ significantly

from the required variability. Against the alternative hypothesis, which states that the vari-
ability of the part length is smaller than the stated variability value. We calculate the value
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of the test statistic x? in the same way as in case a), and thus x? = 21,1689. The quantile of
the x*-distribution is x2(n — 1) = X 45(8) = 2,73 (Table[30). The critical region is

Kops = (0;2,73) = X2 ¢ Koo5.

The value of the test statistic x? = 21,1689 does not fall into the critical region Ky g5, there-
fore we do not reject the null hypothesis Hy. We can assume that, at the significance level

a = 0,05, the variability of the part length is not smaller than the stated variability value.

c) We will test

Hy:0®=0,01,

H;:0”>0,01.
The null hypothesis states that the lengths of the parts do not differ significantly from the
required length. Against the alternative hypothesis, which states that the lengths of the
parts are larger than the required length. We calculate the value of the test statistic x? in
the same way as in case a), and thus y? = 21,1689. The quantile of the y?-distribution is
Xi-a(n —1) = X3 5(8) = 15,51 (Table [B0). The critical region is

K0,05 = (15,51, OO) = X2 - K0705.

The value of the test statistic x* = 21,1689 falls into the critical region Ky g5, we reject
the null hypothesis Hy and accept the alternative hypothesis H;. We can assume that, at
the significance level @ = 0,05, the variability of the part length is larger than the stated

variability value.

5.2 One-sample parametric test of a parameter of the exponential
distribution

Consider a random sample V,, that comes from a population with an exponential distribution

with parameter A, A > 0.

1. Hypotheses:

Hy: X=Xy (Ao is a known constant),

Hy: A 7é Ao (resp. A < Ag, resp. A > )\0)

2. The test statistic is
2nx
X2 = )\—0 ~ X2(2”)7 (10())

where T is the sample arithmetic mean and n is the size of the random sample.
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3. The critical region K, for various alternatives is given in the following table:

H, H, K,
A=Xo | A £ X <0; X%(Qn)) U (Xf_%(Zn); oo)
A= [ A> A (X3 _a(2n); 00)
A= | A< X (0; X2 (2n))

Example 5.5 For 100 randomly selected passengers, the waiting time for the bus [in min.|

was observed. The results are given in the table:

average waiting time x; [in min.] || 0,5 | 2,5 | 45| 6,5 | 85
number of people n; 60 | 20 | 11 | 5 4

We assume that the waiting time has an exponential distribution with parameter X. The
carrier claims that the average waiting time for the bus is two minutes. Let us decide whether

they are telling the truth.

a) At the significance level a=0.05, let us test whether the average waiting time of the
selected passengers differs significantly from the waiting time given by the carrier.

b) At the significance level a=0.01, let us test whether the average waiting time of the
selected passengers is greater than the waiting time given by the carrier.

c) At the significance level a=0.01, let us test whether the average waiting time of the

selected passengers is smaller than the waiting time given by the carrier.

Solution: For testing we use the one-sample parametric test of a parameter of the exponen-

tial distribution. The sample size is n = 100.

a) We will test
HO : )\ = 27

Hy X #2.
The null hypothesis states that the average waiting time A does not differ significantly from
the waiting time given by the carrier. Against the alternative hypothesis, which states that
the average waiting time differs significantly from the waiting time given by the carrier. We
determine the value of the test statistic x? using relation ((100))

, 2007
2 )

X
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where the sample arithmetic mean is calculated using relation (|72))

1
f:m(075.60+275.20—{—4,5-11+6,5'5+8,5'4) =1, 96.

The value of the test statistic is then x? = 196. The quantiles of the y?-distribution are
XT_a (2n) = X5 975(200) = 241,06 and X% (2n) = x5 425(200) = 162,73 (Table . The critical
region is

Koos = (0;162,73) U (241,06; 00) = x* & Ko 05

The value of the test statistic x? = 196 does not fall into the critical region Ky o5, therefore we
do not reject the null hypothesis Hy. We can assume that, at the significance level a = 0, 05,

the average waiting time does not differ significantly from the waiting time given by the carrier.

b) We will test
HO A= 2,

Hli)\>2.

The null hypothesis states that the average waiting time A does not differ significantly from
the required time. Against the alternative hypothesis, which states that the average waiting
time is greater than the waiting time given by the carrier. We calculate the value of the

test statistic x? in the same way as in case a), and thus x? = 196. The quantile of the
x*-distribution is x7_,(2n) = x§.99(200) = 249,45 (Table . The critical region is

KO,OI = (249745, OO) = X2 ¢ KO,OI-

The value of the test statistic x* = 196 does not fall into the critical region Kj g1, therefore we
do not reject the null hypothesis Hy. We can assume that, at the significance level a = 0, 01,

the average waiting time is not greater than the waiting time given by the carrier.

c) We will test
HO A= 2,

H: A< 2.
The null hypothesis states that the average waiting time A does not differ significantly from
the required time. Against the alternative hypothesis, which states that the average waiting
time is smaller than the waiting time given by the carrier. We calculate the value of the

test statistic x? in the same way as in case a), and thus x? = 196. The quantile of the
x*-distribution is x2(2n) = X3 ¢,(200) = 156,43 (Table [32)). The critical region is

Koo = (0;156,43) = x> ¢ Koo1.
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The value of the test statistic x* = 196 does not fall into the critical region K o1, therefore we
do not reject the null hypothesis Hy. We can assume that, at the significance level a = 0, 01,

the average waiting time is not smaller than the waiting time given by the carrier.

5.3 Two-sample parametric tests of parameters of the normal dis-

tribution

Consider two random samples V,,, and V,,,. The random sample V,,, has size n; and comes
from a population with a normal distribution with mean value p; and standard deviation
o1. We write V,,, ~ N(ui,0?). The random sample V;,, has size ny and comes from a
population with a normal distribution with mean value pu; and standard deviation o,. We
write Vi, ~ N(pa,03).

When testing we must take into account whether the random samples come from depen-
dent or independent populations. In the case of independent populations we assume that a
sample from one population does not depend on the sample from the other population. Con-
versely, for dependent populations we assume that a sample from one population depends on
the sample from the other population.

If we do not reject the null hypothesis about the equality of the given parameters, there is
no statistically significant difference between the tested parameters. The general procedure

for choosing a test of mean values for two samples is shown in Fig.

Jeden vyber «—— Dva vybery [—————————— Viac vyberov
nie Je splnend normalita ano
vyberu ?
(Testy dobrej zhody)
nie ., L, ano nie - e 12 ano
Su vybery zavislé ? Su vybery zavislé ?

Neparametricky test Neparametricky test nie Pozndme rozptyly ? ano Pdrovy t-test
(napr. dvojvyberovy (napr. parovy

Wilcoxonov test) znamienkovy test)

nie ano Dvojvyberovy Z-test

Su rozptyly rovnaké ?

(F-test)

Aspin-Welchov t-test Dvojvyberovy t-test

Figure 23: Procedure for choosing a test of mean values for two samples
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